Exceptional points of any order in a single, lossy, waveguide
  beamsplitter by photon-number-resolved detection by Quiroz-Juárez, Mario A. et al.
ar
X
iv
:1
90
5.
06
99
3v
1 
 [q
ua
nt-
ph
]  
16
 M
ay
 20
19
Exceptional points of any order in a single, lossy, waveguide
beamsplitter by photon-number-resolved detection
Mario A. Quiroz-Jua´rez,1 Armando Perez-Leija,2, 3 Konrad Tschernig,2, 3 Blas M. Rodriguez-Lara,4, 5
Omar S. Magan˜a-Loaiza,6 Kurt Busch,2, 3 Yogesh N. Joglekar,7, ∗ and Roberto de J. Leo´n-Montiel1, †
1Instituto de Ciencias Nucleares, Universidad Nacional Auto´noma de Me´xico,
Apartado Postal 70-543, 04510 Cd. Mx., Me´xico
2Max-Born-Institut, Max-Born-Straße 2A, 12489 Berlin, Germany
3Humboldt-Universita¨t zu Berlin, Institut fu¨r Physik,
AG Theoretische Optik & Photonik, D-12489 Berlin, Germany
4Tecnologico de Monterrey, Escuela de Ingenieria y Ciencias,
Ave. Eugenio Garza Sada 2501, 64849 Monterrey, N.L., Me´xico
5Instituto Nacional de Astrof´ısica, O´ptica y Electro´nica,
Calle Luis Enrique Erro No. 1, Sta. Ma. Tonantzintla, Pue. CP 72840, Me´xico
6Department of Physics and Astronomy, Louisiana State University, Baton Rouge, Louisiana 70803, USA
7Department of Physics, Indiana University Purdue University Indianapolis (IUPUI), Indianapolis, Indiana 46202 USA
compiled: May 20, 2019
Exceptional points (EPs) are degeneracies of non-Hermitian operators where, in addition to the eigenvalues,
corresponding eigenmodes become degenerate. Classical and quantum photonic systems with EPs have at-
tracted tremendous attention due to their unusual properties, topological features, and an enhanced sensitivity
that depends on the order of the EP, i.e. the number of degenerate eigenmodes. Yet, experimentally engineering
higher-order EPs in classical or quantum domains remains an open challenge due to the stringent symmetry
constraints that are required for the coalescence of multiple eigenmodes. Here we analytically show that the
number-resolved dynamics of a single, lossy, waveguide beamsplitter, excited by N indistinguishable photons
and post-selected to the N-photon subspace, will exhibit an EP of order N + 1. By using the well-established
mapping between a beamsplitter Hamiltonian and the perfect state transfer model in the photon-number space,
we analytically obtain the time evolution of a general N-photon state, and numerically simulate the system’s
evolution in the post-selected manifold. Our results pave the way towards realizing robust, arbitrary-order EPs
on demand in a single device.
1. Introduction
A fundamental postulate of quantum theory is that the
Hamiltonian of a (closed) system is Hermitian, which
guarantees real energy eigenvalues and a unitary time
evolution [1]. This conventional wisdom was upended
when Bender and coworkers discovered families of non-
Hermitian Hamiltonians with real spectra [2]. The com-
mon feature of all such Hamiltonians was that they were
invariant under the combined operations of space- and
time-reflection, i.e. they were parity and time-reversal
(PT ) symmetric Hamiltonians. In the past two decades,
it has become clear that non-Hermitian, PT -symmetric
Hamiltonians represent classical systems with spatially
or temporally separated gain and loss [3–5]. The spec-
trum of a PT symmetric Hamiltonian changes from
purely real to complex conjugate pairs when the strength
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of its anti-Hermitian part matches the Hermitian en-
ergy scale. This PT -symmetry breaking transition oc-
curs at an exceptional point [6–8]. The phenomenology
of PT -symmetric Hamiltonians with second and third
order EPs has been extensively explored in optical, me-
chanical, electrical, and acoustic experimental realiza-
tions [5]. Exceptional point degeneracies also occur in
mode-selective lossy Hamiltonians, and this has enabled
investigations of EP-related phenomena in dissipative
systems in the classical [9, 10] and quantum [11, 12]
domains, including the realization of a fourth-order EP
with single photons [13].
Many remarkable properties of non-Hermitian sys-
tems, such as asymmetric mode switching [14], topolog-
ical energy transfer [15], robust wireless power transfer
[16], and enhanced classical sensitivity [17–20] are due
to their EP degeneracies. In a sharp contrast with Her-
mitian Hamiltonians whose eigenmodes continue to span
the space irrespective of eigenvalue degeneracies, in the
non-Hermitian case, the eigenmodes of the Hamiltonian
2at an EP do not span the space and the deficit grows
proportional to the order of the EP. This key differ-
ence is instrumental to the system sensitivity that scales
with the order of the EP [19, 20] and has led to the
tremendous interest developing systems with higher or-
der EPs [21–23], and understanding their fundamental
quantum limits [24]. However, experimentally realizing
classical or quantum systems with higher order EPs has
proven extremely challenging and EPs beyond the fourth
order have not been realized. In particular, integrated
platforms where EPs of different orders can be realized
are absent.
In this paper, we propose and theoretically investigate
such a platform in a single, lossy waveguide beamsplitter
in the quantum domain. When excited by a state withN
indistinguishable photons and confined to the N -photon
subspace, we show that the dynamics of such beam-
splitter has an EP of order N + 1, which is observable
with currently available and near-term number-resolving
single-photon detectors [25–27]. In contrast to the past
proposals with multiple waveguides or resonators, where
precise parameter tuning is needed to ensure that the
higher-order EP does not split into lower-order ones, we
show that these EPs are robust due to the bosonic nature
of photons and linear nature of the loss at low intensities.
The paper is structured as follows. In section 2 we
present the formal treatment of the model in the photon-
number basis and show analytical results for the time
evolution of an arbitrary state. Results from numeri-
cal simulations based on NOON states are presented in
Sec. 3. The paper is concluded in Sec. 4 with a discus-
sion.
2. Lossy beamsplitter in the photon-number basis
The general beamsplitter Hamiltonian in second-
quantized notation is given by [28]
Hˆ = ω0(aˆ
†aˆ+ bˆ†bˆ) + κ(aˆbˆ† + aˆ†bˆ)− iΓbˆ†bˆ (1)
where aˆ† (aˆ) and bˆ† (bˆ) represent bosonic creation (anni-
hilation) operators for photonic modes in the two waveg-
uides, ω0 is their common propagation constant, the cou-
pling between the two waveguides is given by κ, and Γ
is the dissipation coefficient of the lossy waveguide.
To unveil the link between the waveguide beamsplit-
ter and arbitrary-order exceptional points, we repre-
sent the Hamiltonian Eq. (1) in the two-mode, N -
photon subspace. This subspace is spanned by N + 1
orthonormal states |m) := |N −m,m〉 = |N −m〉a |m〉b
(0 ≤ m ≤ N) corresponding (N−m) photons in the neu-
tral waveguide and m photons in the lossy waveguide.
We emphasize that photon-number-resolving detection
is necessary to access different basis states in this sub-
space [Fig. (1-a)]. In this basis, Eq. (1) becomes [29, 30].
HˆN = (ω0 − iΓ/2)Nˆ + 2κJˆx − iΓJˆz (2)
where Nˆ = aˆ†aˆ+ bˆ†bˆ is the total photon-number opera-
tor. The Hermitian generators
Jˆz = (bˆ
†bˆ− aˆ†aˆ)/2, (3)
Jˆx = (aˆ
†bˆ+ aˆbˆ†)/2, (4)
satisfy the angular momentum algebra [Jˆz, Jˆx] = iJˆy,
with Jˆy = i(aˆ
†bˆ − aˆbˆ†)/2, and its cyclic permutations.
Thus, in the N -photon subspace, Jˆx and Jˆz are spin
S = N/2 representations of the angular momentum
operators. In another, equivalent language, Hamilto-
nian (2) describes an (N +1)-mode tight-binding lattice
with nearest-neighbor tunnelings given by the nonzero
matrix elements of Jˆx, i.e f(n) = 2κ
√
n(N + 1− n)
(1 ≤ n ≤ N), and a linearly varying, on-site, loss po-
tential given by the diagonal matrix elements of Jˆz [see
Fig. (1-b)]. In the absence of loss, Γ = 0, Eq. (2)
reduces to the perfect-state transfer model [31–36].
Within the (N+1)-dimensional subspace, the equidis-
tant eigenvalues of the Hamiltonian are analytically
given by the expression
λr = (ω0 − iΓ/2)N + r
√
4κ2 − Γ2 (5)
where r = {−S,−S + 1, . . . , S}. It follows from
Eq. (5) that the adjacent difference ∆λ ≡ λr − λr−1 =√
4κ2 − Γ2 is purely real when the dissipation coefficient
Γ ≤ 2κ, and becomes purely imaginary when the dissi-
pation coefficient is larger, i.e. Γ > 2κ. At the transition
point Γc = 2κ, all eigenvalues become degenerate and all
the eigenmodes coalesce, thus giving rise to an excep-
tional point of order N + 1 [30]. Figure (1-c) shows the
(analytical) flow of eigenvalues for a lossy beamsplitter
excited by N = 4 photons, a realistic number that has
been achieved in recent experiments [25–27]. The beam-
splitter parameters are set to ω0 = κ = 1 cm
−1. The
top panel in Fig. (1-c) shows that as Γ increases, ℜ(λr)
undergo level attraction and become degenerate at Γc,
remaining constant thereafter. The bottom panel shows
that ℑ(λr) increase linearly with Γ and are the same
for all eigenmodes for Γ ≤ Γc, whereas past the tran-
sition point, slowly (and rapidly) decaying eigenmodes
emerge. It is worth to note that in a waveguide beam-
splitter, the EP of order N + 1 appears naturally in the
N -photon subspace, and it is always located at Γc = 2κ
irrespective of N .
To detect the order of the EP in an experimentally
friendly manner [37], we consider the behavior of the in-
tensity I(z) within the N -photon subspace as a function
of the propagation distance z, or equivalently, the time.
In general, when the lossy beamsplitter is excited with
an N -photon input, the number-resolving detectors at
the output will register any of the (N+1)(N+2)/2 pos-
sibilities |p〉a|q〉b where 0 ≤ p, q ≤ N with p + q ≤ N .
Thus, I(z) registers the fraction of trials where the total
number of photons detected is exactly N , i.e. we post-
select on the manifold where no photons are absorbed in
the lossy waveguide [11]. For a normalized initial state
|ψ(0)〉, this intensity is given by
I(z) = 〈ψ(0)|G†(z)G(z)|ψ(0)〉, (6)
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Fig. 1. (a) Schematic of a single, lossy waveguide beamsplitter excited with N indistinguishable photons prepared in the state
|m) := |N −m,m〉 = |N −m〉
a
|m〉
b
, where a represents the neutral (gray) waveguide and b is the lossy (red) waveguide. (b)
Mapping onto the N-photon subspace spanned by (N+1) multiphoton states |m), represented as a tight-binding lattice model.
The coupling between adjacent “modes” is given by matrix elements of Jˆx; the linearly increasing loss is also shown. (c) Flow
of eigenvalues of HˆN for N = 4. Re(λr) shows level attraction with an EP of order five at Γ = 2κ; Im(λr) shows the emergence
of slow modes past the transition. (d) Intensity I(z) shows the fraction of trials where the system remains in the N-photon
subspace, i.e. the post-selection probability. It reflects the order of the exceptional point. The beamsplitter parameters are
ω0 = κ = 1 cm
−1 and the initial state is |ψ(0)〉 = |0).
where G(z) = exp(−iHˆNz) is the decaying time evo-
lution operator. At the exceptional point Γ = 2κ,
the Hamiltonian HˆN satisfies the characteristic equa-
tion [λr − (ω0 − iκ)N ]N+1 = 0, and therefore the
power series expansion for G(z) terminates at N th or-
der in z. This implies the post-selection probability
I(z) ∝ z2N exp(−NΓz) at long distance κz ≫ 1. The
numerically obtained post-selection probability I(z), for
input states where N photons are injected into the neu-
tral waveguide for N ∈ {5, 7, 10}, is shown in Fig. (1-d).
It clearly shows that the order of the exceptional point
is reflected in the results.
In order to obtain the photon-number-resolved popu-
lation dynamics of the lossy beamsplitter, we note that
the time-evolution operator satisfies the Schro¨dinger
equation i∂zG(z) = HˆNG(z). Therefore it can be ex-
pressed in terms of the total number operator Nˆ and
the angular momentum operators Jˆα (with α = x, y, z)
by using the Wei-Norman method [38, 39],
G(z) = e−i(ω0−iΓ/2)Nˆze−if+(z)Jˆ+e−ifz(z)Jˆze−if−(z)Jˆ−
(7)
where Jˆ± = Jˆx± iJˆy are the angular momentum raising
and lowering operator respectively. Note that since the
photon-number operator Nˆ commutes with Jˆα, it can be
treated as a c-number. f±(z), fz(z) are three complex
functions that parameterize the non-unitary time evolu-
tion operator, and satisfy the following set of coupled,
nonlinear differential equations,
∂zf+(z) = κ
[
1 + f2+(z)
]− Γf+(z),
∂zfz(z) = −iΓ + 2iκf+(z), (8)
∂zf−(z) = κ exp [−ifz(z)] .
The solutions of Eqs. (8), subject to the initial con-
dition G(0) = 1, or equivalently f±(0) = fz(0) = 0, are
given by
f±(z) =
Γ
2κ
+
∆λ
2κ
[
tan(z∆λ/2)− Γ/∆λ
1 + (Γ/∆λ) tan(z∆λ/2)
]
, (9)
fz(z) = −2i ln
[
cos
(
z∆λ
2
)
+
Γ
∆λ
sin
(
z∆λ
2
)]
.(10)
We note that the functions f+(z) = f−(z) are real ir-
respective of whether ∆λ is real or purely imaginary,
while fz(z) is, in general, complex. It is straightforward
to check that as the system approaches the exceptional
point, i.e. ∆λ → 0, the functions f±(z) ≈ κz/(1 + κz)
approach unity at κz ≫ 1. On the other hand, the
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Fig. 2. Mode occupation dynamics in the post-selected manifold with NOON state input. (a) For N = 5 and small loss, the
dynamics show asymmetric oscillations. (b) at the EP, P (|m) , z) reach a steady state with most of the weight localized in the
low-loss region. (c) after the transition, the steady-state is reached more slowly. Bottom row (d-f) shows qualitatively similar
results for an N = 8 NOON state input. The waveguide beamsplitter parameters are set to ω0 = κ = 1 cm
−1.
function fz(z) ≈ −2i ln(1 + κz), in conjunction with
the diagonal operator Jˆz = diag(−N/2, . . . , N/2), gives
rise to an algebraically growing time evolution opera-
tor G(z) ∝ zN exp(−NΓz/2). Thus, our exact solution,
Eq. (7), encodes the order of the exceptional point.
3. Post-selected dynamics: numerical results
Motivated by the realization of high-order multiphoton
entangled states [40, 41], we explore the dynamics of
the lossy beamsplitter excited with NOON-state initial
conditions, i.e. |φ(0)〉 = [|N〉a|0〉b + |0〉a|N〉b] /
√
2 =
[|0) + |N)] /√2. Although the post-selection probabil-
ity I(z) = 〈φ(z)|φ(z)〉 decreases exponentially with
the propagation distance, we will see that within the
post-selected N -photon manifold, signatures of the PT -
symmetry breaking transition and the order of the ex-
ceptional point are clearly visible. To that end, we con-
sider the normalized, z-dependent occupation function
P (|m) ; z) = | (m |φ(z)〉|
2
〈φ(z)|φ(z)〉 , (11)
which satisfies
∑N
m=0 P (|m) ; z) = 1. Figure (2) shows
the results for this occupation function for two different
input states. The top row in Fig. (2) shows the normal-
ized mode occupations as a function of z for an N = 5
state. When Γ = Γc/4, panel (a), we see an asymmet-
ric, oscillatory motion across the six modes with an en-
ergy flow from a low-loss region to the high-loss region.
At the EP, Γ = Γc, the system reaches a steady state
with a weight distributed largely in the low-loss region
[panel (b)] . Past the transition, Γ = 1.2Γc, the steady-
state is reached slower [panel (c)], indicating the emer-
gence of slowly decaying eigenmodes for the Hamiltonian
Eq. (2). The bottom row in Fig. (2) shows correspond-
ing results for an N = 8 NOON state input. Comparing
the two rows, it is clear that the period of asymmetric
oscillations does not depend on N and the order of the
EP is reflected in the post-selected, N -photon manifold
results.
4. Discussion
Despite tremendous interest due to the classical sen-
sitivity enhancement they offer [17–20], experimental
realizations of exceptional points of higher order has
remained elusive. The primary obstacle for such re-
alizations in coupled waveguides, resonators, or other
traditional platforms is the fine tuning of system pa-
rameters that is required by a higher-order symmetry
necessary for eigenmode degeneracy [42]. When such
stringent constraints regarding the ratio of losses or
nearest-neighboring coupling amplitudes are not satis-
fied, a higher order EP splits into EPs of lower order.
Here, we have shown that a single, lossy waveguide
beamsplitter can be used to realize robust EPs of ar-
bitrary order without any fine tuning required. In our
proposal, the stringent symmetries required for higher-
order EPs are guaranteed by the bosonic nature of input
photons, and the linear nature of loss. We have shown
that the dynamics observed within the post-selected N -
photon subspace has an EP of order N + 1. Thus,
our analysis passes the burden of fine-tuning the Her-
mitian and lossy parts of the Hamiltonian on to the
dual tasks of creating higher-order NOON states and
number-resolving photon-detectors, a rapidly maturing
technology found in quantum optics laboratories across
the globe [25–27, 43]. Our results, therefore, offer a re-
alistic pathway for realizing EPs of arbitrary order on
demand in a single platform.
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